In this paper, we would like to study space-like submanifolds in a de Sitter spaces S n+p p
Introduction
Let M n+p p (c) be an (n + p)-dimensional connected semi-Riemannian manifold of constant curvature c whose index is p. It is called an indefinite space form of index p and simply a space form when p = 0. If c > 0, we call it a de Sitter space of index p, and denote it by S n+p p (c). A submanifold in a de Sitter space is said to be space-like if the induced metric on the submanifold is positive definite. It was pointed out by Marsden and Tipler [11] and Stumbles [16] that space-like hypersurfaces with constant mean curvature in arbitrary space-time get interested in the relativity theory. Therefore, space-like hypersurfaces in a de Sitter space have recently been investigated by many mathematicians from both physics and mathematical points of view, see for instance [1, 4, 10, 12] .
We know that hypersurfaces with constant mean curvature in a Riemannian manifold M n+1 (c) of constant sectional curvature c are critical points of the area functional under variations that keep constant a certain volume function. Barbosa, do Carmo and Eschenburg [3] studied the stability for hypersurfaces of constant mean curvature in Riemannian manifolds. In analogy with the case of constant mean curvature, questions of stability can be considered for hypersurfaces with constant scalar curvature. In [2] , Alencar, do Carmo and Colares extended the study of stability to hypersurfaces with constant scalar curvature. As researched in C. Wu [17] for minimal submanifolds in a unit sphere, A.A. Barros et al. [6] and Cheng [8] studied the first eigenvalues of some Schrödinger operators of submanifolds with parallel mean curvature vector or hypersurfaces with constant scalar curvature in a unit sphere and obtained some spectral characterizations of so called Veronese surface, Clifford torus or Riemannian product S m (r) × S n−m ( √ 1 − r 2 ), 1 ≤ m ≤ n − 1. In connection with the stability for hypersurfaces with constant mean curvature or constant scalar curvature in Riemannian manifolds, Barbosa-Oliker [4] and Liu-Deng [10] studied the stability for space-like hypersurfaces with constant mean curvature or constant scalar curvature in Lorentz manifolds. From Barbosa-Oliker [4] and [5] , we know that constant mean curvature spacelike hypersurfaces are solutions to a variational problem. In fact, they are critical points of the area functional for variations that leave constant a certain volume function.
In the present paper, we would like to study space-like submanifolds in a de Sitter spaces S n+p p (1). We will define and discuss three Schrödinger operators L H , L R , L R/H and obtain some spectral characterizations of totally umbilical space-like submanifolds in terms of the first eigenvalue of the Schrödinger operators L H , L R and L R/H respectively.
Take an immersion ψ : M n → S n+p p
(1) and choose a suitable pseudoorthonormal frame field {e 1 , . . . , e n , e n+1 , . . . , e n+p } adapted to the immersion ψ and its associated coframe {ω 1 , . . . , ω n , ω n+1 , . . . , ω n+p }. Now recall the symmetric traceless tensor introduced by Cheng and Yau in [9] , which may be given by
) and h α ij are the coefficients of the second fundamental form in the direction e α . It is easy to verify that (1) with constant scalar curvature n(n − 1)R, R < 1 and parallel normalized mean curvature vector field. Denote by λ
, and λ (1) with parallel normalized mean curvature vector field and let the scalar curvature n(n − 1)R be proportional to the mean curvature H of M n , that is, there exists a con-
max |φ| 3 if and only if M n is totally umbilical.
Corollary 1.4. Let M n be an n-dimensional compact space-like hypersurface in an (n + 1)-dimensional de Sitter space S n+1 1
(1) and let the scalar curvature n(n−1)R be proportional to the mean curvature H of M n , that is, there exists a constant k such that n(n−1)R = kH. Denote by λ
and λ
Remark 1.5. If p = 1, then Theorem 1.1 and Theorem 1.2 reduce to Theorem 1 and Theorem 2 of [15] , respectively. Therefore, we generalize the previous results obtained by [15] to general submanifolds with higher codimension.
Preliminaries
Let S n+p p (1) be an (n + p)-dimensional de Sitter space with index p and constant curvature 1 . Let M n be an n-dimensional connected space-like submanifold immersed in S n+p p (1). We choose a local field of semi-Riemannian orthonormal frames e 1 , . . . , e n+p in S n+p p
(1) such that at each point of M n , e 1 , . . . , e n span the tangent space of M n and form an orthonormal frame there. We use the following convention on the range of indices:
Let ω 1 , . . . , ω n+p be its dual frame field so that the semi-Riemannian metric of
, where ε i = 1 and ε α = −1. Then the structure equations of S n+p p
(1) are given by
2)
If we restrict these form to M n , then
From Cartan's Lemma we have
The connection forms of M n are characterized by the structure equations
where R ijkl are the components of the curvature tensor of M n . Denote by h the second fundamental form of M n . Then
Denote by ξ, H and |h| 2 the mean curvature vector field, the mean curvature and the squared norm of the second fundamental form of M n . Then they are defined by
Moreover, the normal curvature tensor R αβkl , the Ricci curvature tensor R ik and the scalar curvature n(n − 1)R are expressed as 
(2.15) We obtain the Codazzi equation by straightforward computations
It follows that the Ricci identities hold
The Laplacian of h α ij is defined by ∆h
In the case of the mean curvature vector ξ has no zero, we know that ξ/H is a normal vector field defined globally on M n . We define |µ| 2 and |τ | 2 by
respectively. Then |µ| 2 and |τ | 2 are functions defined on M n globally, which do not depend on the choice of the orthonormal frame {e 1 , . . . , e n }. We have
Since the normalized mean curvature vector field is parallel, we choose e n+1 = ξ/H, then
From (2.8), (2.11), (2.18) and (2.21), by a direct calculation we have (see [7] )
where H α denote the matrix (h α ij ) for all α, N (A) = tr(AA t ), for all matrix A = (a ij ).
We need the following Lemma Lemma 2.1 ( [13] ). Let A, B be symmetric n × n matrices satisfying AB = BA and trA = trB = 0. Then
and the equality holds if and only if (n − 1) of the eigenvalues x i of B and the corresponding eigenvalues y i of A satisfy |x i | = (trB 2 ) 1/2 / n(n − 1),
We consider a differential operator acting on function f defined by
where 
From Proposition 3.6 in Section 3, we know that the differential operator L = +(k/2n)∆ is elliptic. We also know that the Laplace-Beltrami operator ∆ is always elliptic. Let λ
be the first eigenvalues of the Schrödinger operators L H , L R and L R/H respectively. Since ∆, and L are elliptic operators, from (1.1), (1.2) and (1.3), we know that L H , L R and L R/H are elliptic operators. We can use the min-max characterization of λ
Proof of Theorems
We firstly prove the following:
(1). Suppose that the normalized mean curvature vector field is parallel. Then
Proof. By a simple calculation and from (2.13), we obtain
n trH α δ ij and consider the symmetric tensor φ = i,j,α φ α ij ω i ω j e α . We easy know that φ is traceless and
where Φ α denotes the matrix (φ α ij ). Since the normalized mean curvature vector field is parallel, choosing e n+1 = ξ/H, from (2.21), we infer that
From (2.22), (3.3) and (3.4), we have
Since we choose e n+1 = ξ/H, we have ω αn+1 = 0 for all α. Consequently R αn+1jk = 0, from (2.11), we have
Since matrices Φ α and Φ n+1 are traceless, by Lemma 2.1, we have 6) where the following 7) is used. By the Cauchy-Schwarz inequality, we have
From (3.5), (3.6) and (3.8), we have
From (3.2) and (3.9), we see that (3.1) is true. We state a Proposition which can be proved by making use of the similar method due to C. Wu [17] or A.A. Barros et al. [6] for Riemannian manifold. (1). Then there holds the following
From the author [14] , we also have the following: Proposition 3.3. Let M n be an n-dimensional space-like submanifold in an (n + p)-dimensional de Sitter space S n+p p (1) . Suppose that the normalized scalar curvature R is constant and R ≤ 1. Then
Remark 3.4. If |∇h| 2 = n 2 |∇H| 2 and R < 1, from (2.13) and the proof of Proposition 3.3 (see [14] ), we easily see that
Thus, we have ∇H = 0 and H is constant.
Proof of theorem 1.1 From the definition of (2.10), we know that H ≥ 0. For every ε > 0, from (2.25), we can introduce a smooth function f ε = ε + |φ| 2 as the test function to estimate λ L H 1 . We easily have
Since we know that submanifolds with nonzero parallel mean curvature vector field also have parallel normalized mean curvature vector field and H is nonzero constant, from (3.9), we easily see that
By Proposition 3.2, (3.12) and (3.13), we have
Therefore, we have
Using (2.25) with f ε as a test function, we have
Letting ε → ∞ in (3.14), we get
, from (3.15), we have |∇φ| 2 = 0. Proposition 3.2 implies that ∇|φ| 2 = 0, that is, |φ| 2 is constant. Therefore, we know
H|φ| is constant. From (1.1), we obtain that λ
H|φ|. So we have
Therefore, we know that the equalities in (3.13), (3.8), (3.7) and (2.23) hold and
This implies that |φ| 2 = 0, that is, M n is totally umbilical, or
In the second case, from the equalities in (3.8) 
From (3.4), we have
Since p ≥ 1 and all parts of the above equality are nonnegative, we have (p − 1)|φ| 4 = 0. Thus, |φ| 2 = 0 and M n is totally umbilical, or p = 1. If p = 1, we know that M n is an n-dimensional compact orientable space-like hypersurface in an (n+1)-dimensional de Sitter space S n+1 1
(1) with constant mean curvature H. From the equalities in (2.23), we infer that M n has at most two distinct constant principal curvatures. We conclude that M n is totally umbilical from the compactness of M n . This completes the proof of Theorem 1.1.
Proof of theorem 1.2 Since n(n − 1)R is constant and R < 1, by Proposition 3.1 and Proposition 3.3, we have
From the assertion in Section 2, we know that the operator is elliptic. Since we assume that the normalized mean curvature vector e n+1 = ξ/H is parallel, we have H > 0. Thus, from (2.26), we introduce a smooth function f = H as the test function to estimate λ L R 1 . By (1.2) and (3.16), we have
From (2.26) and (3.17), we have
Thus, we have
If λ
max |φ| 3 , then the equalities in (3.18), (3.17), (3.16), (3.11), (3.8), (3.7) and (2.23) hold. Since the operator is self-adjoint and M n is compact, from the equality of (3.16), we obtain that
This implies that |φ| 2 = 0 and M n is totally umbilical, or
In the second case, since R < 1 and the equality holds in (3.11), from the Remark 3.4, we know that H is constant. From the equalities of (3.8), (3.7) and (2.23), by the same assertion in the proof of Theorem 1.1, we know that M n is an n-dimensional compact orientable space-like hypersurface in de Sitter space S n+1 1
(1) with at most two distinct constant principal curvatures. We conclude that M n is totally umbilical from the compactness of M n . If M n is totally umbilical, that is |φ| = 0, from (1.2), we know that λ
This completes the proof of Theorem 1.2. We may also prove the following: Proposition 3.5. Let M n be an n-dimensional space-like submanifold in an (n + p)-dimensional de Sitter space S n+p p (1) . If the scalar curvature n(n − 1)R is proportional to the mean curvature H of M n , that is, there exists a constant k such that n(n − 1)R = kH, then we have
Proof. For a fixed α, we choose a orthonormal frame field {e i } at each point on M n so that h Thus, we have
If |∇h| 2 = n 2 |∇H| 2 , we easily see that ∇H = 0 and H is constant. The proof of Proposition 3.5 is completed. Proof. For a fixed α, we choose a local orthonormal frame field {e 1 , . . . , e n } at each point on M n so that h 
